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1. INTRODUCTION
One of the most important problems of vector optimization is to
investigate the structure of efficient point sets. For various applications,
the possibility of continuous moving from one optimal solution to any
other along optimal alternatives only is of special interest. This possibility
is guaranteed if the efficient set is arcwise connected or at least connected.
It is well known that in a finite dimensional space the efficient point set of
a closed convex cone-compact set with respect to an order defined by a
closed convex cone is connected, as well as the efficient solution set for
Ž w x.concave objective functions see 1, 12, 13 . Several authors proved analo-
gous theorems for some subclasses of quasiconcave objective functions
Ž w x.see 3, 7, 9, 14, 15, 19, 20 . Many of the above results were also
1 E-mail: jcm@im.bas-net.by.
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w xgeneralized to the infinite dimensional space settings by Luc 10, 11 , Fu
w x w x w x4 , Gong 5, 6 , and Song 16]18 .
However, the results concerning strong topological properties, e.g., con-
tractibility or arcwise connectivity, are rather seldom. Contractibility of the
efficient point set and arcwise connectivity of the weak efficient point set
w xare studied in 11 under some stronger assumptions, and contractibility of
Žthe efficient solution set for a strongly quasiconcave function called
w x. w xstrictly quasiconcave function in 9, 10 is studied in 9, 10 .
Ž < .In this paper we prove that the efficient point set Max Q K of a
compact convex set Q ; X in a Hausdorff topological vector space X
ordered by a closed convex pointed cone K ; X is arcwise connected if the
Ž < .set Max Q K is closed.
2. PRELIMINARIES
Let X be a Hausdorff topological vector space, Q ; X, and K ; X a
closed convex pointed cone.
We denote the interior, the closure, and the convex hull of an arbitrary
set A ; X by int A, cl A, and conv A, respectively.
A point x g Q is said to be an efficient point of Q with respect to K
Ž Ž < .. Ž .  4x g Max Q K if Q y x l K s 0 , and it is said to be the least
element of Q with respect to K if Q ; x q K.
Let F be a set-valued mapping from a topological space W to X. By
dom F and graph F we denote the domain and graph of F, i.e.,
<dom F s w g W F w / B and 4Ž .
<graph F s w , x g W = X x g F w . 4Ž . Ž .
Let P be a nonempty subset of X, x , x g Q, and 0 F t - t F 1.1 2 1 2
w x Ž . ŽŽŽConsider the set-valued map F: t , t § Q given by F t s t y1 2 2
. Ž .. ŽŽ . Ž .. .t r t y t x q t y t r t y t x q P l Q.2 1 1 1 2 1 2
Ž . Ž .LEMMA 2.1. Let P be a con¤ex cone and t g t , t , z g F t .1 1 2 1 1
w xSuppose that the set-¤alued map G: t , t § Q is gi¤en by1 2
¡ t y t t y t1 1 w xx q z q P l Q, if t g t , t ;1 1 1 1ž /t y t t y t1 1 1 1~G t sŽ .
t y t t y t2 1 w xz q x q P l Q, if t g t , t .1 2 1 2¢ž /t y t t y t2 1 2 1
Ž . Ž . w xThen G t ; F t for all t g t , t .1 2
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w x w xProof. Since t g t , t , there exists a g 0, 1 such that t s at q1 1 2 1 1
Ž . Ž . Ž Ž . .1 y a t . Since z g F t , we have z g a x q 1 y a x q P l Q.2 1 1 1 1 2
w xHence, for every t g t , t , we have1 1
t y t t y t1 1
G t ; x q a x q 1 y a x q P q P l QŽ . Ž .Ž .1 1 2t y t t y t1 1 1 1
t y t q a t y t t y tŽ .1 1 1; x q 1 y a x q P l QŽ .1 2ž /t y t t y t1 1 1 1
t y t t y t2 1s x q x q P l Q s F t .Ž .1 2ž /t y t t y t2 1 2 1
w x Ž . Ž .For t g t , t , the inclusion G t ; F t can be proved similarly.1 2
LEMMA 2.2. If P and Q are closed sets, then F is closed, i.e., graph F is a
closed set.
w xProof. Define a continuous mapping p: t , t = X “ R = X by1 2
Ž . Ž ŽŽŽ . Ž .. ŽŽ . Ž .. ..p t, y s t, y y t y t r t y t x q t y t r t y t x . Then2 2 1 1 1 2 1 2
y1Žw x . Žw x . w xgraph F s p t , t = P l t , t = Q . Since the sets t , t = P1 2 1 2 1 2
w xand t , t = Q are closed, graph F is closed.1 2
LEMMA 2.3. Let Q > Q > . . . be a sequence of compact subsets of X,1 2
and x g Q be the least element of Q with respect to K, for each k g N.k k k
 4Then the sequence x con¤erges to the unique least element of Q [k k g N 0
 4l Q : k g N / B with respect to K.k
 4Proof. Since X is Hausdorff and each Q is compact, Q is ak k k g N
wdecreasing sequence of nonempty closed sets in compact space Q . By 2,1
x w x  4Proposition I-11.4 , we have Q / B and by 2, Proposition I-11.5 , x0 k k g N
has an adherent point x g Q .0 0
Suppose that there exists z g Q such that z f x q K. Since x q K is0 0 0
Ž .closed, there exists a neighbourhood U of zero in X such that z y U l
Ž .x q K s B. Hence, z f x q U q K. Take k g N such that x g x q0 0 k 0
U. Then x q K ; x q U q K and, therefore, z f x q K. On the otherk 0 k
hand, we have z g Q ; Q ; x q K. By this contradiction, we assert that0 k k
Q ; x q K. Hence, x is the least element of Q . Since K is pointed, the0 0 0 0
set Q has the unique least element x . Therefore, x is the unique0 0 0
 4 w xadherent point of x . By 2, Proposition I-11.5 , we have x “ x .k k g N k 0
3. MAIN RESULT
Recall that a set A of a topological space is said to be arcwise connected
if for every two points x, y g A there exists a continuous function f :
w x Ž . Ž .0, 1 “ A such that f 0 s x, f 1 s y.
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THEOREM 3.1. Let K ; X be a closed con¤ex pointed cone and Q ; X be
Ž < .compact and con¤ex. If the set Max Q K is closed, then it is arcwise
connected.
Ž < . w xProof. Take any x , x g Max Q K . The set-valued map F : 0, 1 § Q1 2 0
Ž . ŽŽ . .given by F t s 1 y t x q tx q K l Q has compact nonempty values0 1 2
w x w xfor each t g 0, 1 . By 8, Theorem 6.3 and Lemma 6.2 , we have B /
Ž Ž . < . Ž < . w x 1Max F t K ; Max Q K for all t g 0, 1 . For each t s mr2, m s0 m
1 Ž Ž 1 . < . Ž 1.  40, 1, 2, we choose an arbitrary z g Max F t K . Since F t s xm 0 m 0 0 1
Ž 1.  4 1 1and F t s x , we have z s x and z s x . Now we can define the0 2 2 0 1 2 2
w x Ž . ŽŽ . 1 1 .set-valued map F : 0, 1 § Q by setting F t s 1 y 2 t z q 2 tz q K1 1 0 1
w x Ž . ŽŽ . 1 Ž . 1 .l Q for t g 0, 1r2 and F t s 2 y 2 t z q 2 t y 1 z q K l Q for1 1 2
w x Ž . Ž . w xt g 1r2, 1 . By Lemma 2.1, we have F t > F t for all t g 0, 1 . It can0 1
Ž . w xbe easily seen that F t is compact and nonempty for each t g 0, 1 , and1
Ž Ž . < . Ž < .B / Max F t K ; Max Q K .1
Let us now iterate this process. Suppose that for some k g N we have
w xalready defined the set-valued mappings F : 0, 1 § Q, i s 0, 1, . . . , k byi
putting
i i i i i iF t s 2 t y t z q 2 t y t z q K l QŽ . Ž . Ž .i mq1 m m mq1
i ifor t g t , t ,m mq1
i yi i Ž . Ž .where t s 2 m, m s 0, 1, . . . , 2 . We also suppose that F t > F t >m 0 1
Ž . w x Ž i .  i 4 Ž < .??? > F t for all t g 0, 1 and F t s z ; Max Q K for m sk i m m
i Ž .0, 1, . . . , 2 , i s 0, 1, . . . , k. It can be easily seen that F t is compact andi
w x Ž Ž . < .nonempty for each t g 0, 1 , i s 0, . . . , k, and B / Max F t K ;i
Ž < . kq1 yky1  kq14Max Q K . Thus, for each t s 2 m, m g 0, 1, . . . , 2 , we canm
kq1 Ž Ž kq1. < . Ž < .choose an arbitrary z g Max F t K ; Max Q K . Note thatm k m
z kq1 s z k, n s 0, 1, . . . , 2 k, by assumption. Now we can define the set-val-2 n n
w xued mapping F : 0, 1 § Q by puttingkq1
kq1 kq1 kq1 kq1 kq1 kq1F t s 2 t y t z q 2 t y t z q K l QŽ . Ž . Ž .kq1 mq1 m m mq1
kq1 kq1for t g t , t ,m mq1
kq1 kq1Ž kq1 . Ž kq1 . Ž kq1where m s 0, 1, . . . , 2 y 1. Since 2 t y t s t y t r tmq 1 mq1 mq1
kq1. Ž . Ž . w xy t , by Lemma 2.1, we obtain F t > F t for all t g 0, 1 . It canm k kq1
Ž . w xbe easily seen that F t is compact and nonempty for each t g 0, 1kq1
Ž Ž . < . Ž < . Ž kq1.  kq14and B / Max F t K ; Max Q K . Obviously, F t s z ;kq1 kq1 m m
Ž < . kq1Max Q K for m s 0, 1, . . . , 2 .
w xDefine the set-valued mapping F : 0, 1 § Q by
F t s l F t : k g N . 4Ž . Ž .k
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w x Ž .Note that for every t g 0, 1 and k g N, F t is compact and nonempty.k
Ž . Ž . wMoreover, we have F t > F t . Thus, we can assert 2, Propositionk kq1
x Ž .  Ž . 4 w xI-11.4 that F t s l F t : k g N / B for all t g 0, 1 and, therefore,k
w xdom F s 0, 1 .
 yk k 4 w xLet T s j 2 m : m s 0, 1, . . . , 2 , k g N ; 0, 1 . Obviously, cl T s
w x k k0, 1 . If t g T , then t s t for some m s 0, 1, . . . , 2 , k g N and, hence,m
Ž . Ž . Ž . Ž . Ž .  k 4 Ž < .F t > F t > ??? > F t s F t s ??? s F t s z ; Max Q K ,0 1 k kq1 m
Ž k k .i.e., t , z g graph F.m m
w xNow suppose that t g 0, 1 _ T. Then for each k g N we can find
Ž .  k 4 w k k x km k g 0, 1, . . . , 2 y 1 such that t g t , t . Clearly, t “ tmŽk . mŽk .q1 mŽk .
k Ž .and t “ t as k “ q‘. By the definition of F , we have F t smŽk .q1 k k
Ž k Ž k . k k Ž k . k .2 t y t z q 2 t y t z q K l Q. Let b smŽk .q1 mŽk . mŽk . mŽk .q1 k
kŽ k . w x k Ž . k Ž .2 t y t g 0, 1 and x s b z q 1 y b z . Then F tmŽk .q1 k k mŽk . k mŽk .q1 k
Ž . Ž .s x q K l Q. Since x is the least element of F t with respect to Kk k k
 Ž . 4for each k g N, by Lemma 2.3, we obtain x “ x g l F t : k g N sk 0 k
Ž . Ž .F t / B and F t ; x q K.0
 4  4By compactness, there exist some subnets b of b con-kŽ m . m g M k k g N
w x  kŽ m . 4  k 4verging to b g 0, 1 , z of z converging to ¤ g Q,0 mŽkŽ m .. m g M mŽk . k g N
 kŽ m . 4  k 4and z of z converging to w g Q. Let us denotemŽkŽ m ..q1 m g M mŽk .q1 k g N
a [ b , ¤ [ z kŽ m . , and w [ z kŽ m . , m g M. Hence, x sm kŽ m . m mŽkŽ m .. m mŽkŽ m ..q1 kŽ m .
Ž . Ž .a ¤ q 1 y a w converges to x s b ¤ q 1 y b w g Q.m m m m 0 0 0
By Lemma 2.2, for every k g N, graph F is closed. Hence, graph F sk
 4 Ž kŽ m . . Ž kŽ m . .l graph F : k g N is closed. Since t , ¤ , t , w gk mŽkŽ m .. m mŽkŽ m ..q1 m
Ž . Ž .graph F for any m g M, we have t, ¤ g graph F and t, w g graph F.
Ž .Hence, ¤ , w g x q K. Since x s b ¤ q 1 y b w and K is pointed, we0 0 0 0
 4  4 Ž < . Ž < .assert that x g ¤ , w . Note that ¤ , w g cl Max Q K s Max Q K .0
 4 Ž . Ž . Ž .Therefore, x s Q l x q K > Q l F t s F t .0 0
Ž .Thus, F is a single-valued point-valued map. By Lemma 2.2, graph F is
w xclosed. Since graph F ; 0, 1 = Q and Q is compact, we assert that
graph F is compact as a closed subset of a compact set. Thus, F is
continuous. The proof is completed.
The assumption of convexity on Q in Theorem 3.1 is essential.
2 Ž . 2 <EXAMPLE 3.1. Suppose that X s R , Q s x, y g R x s 0, y g
w x4 Ž . 2 < w x 4 2 Ž . 2 <0, 1 j x, y g R x g 0, 1 , y s 0 and K s R [ x, y g R x Gq
4 Ž < .0, y G 0 . Clearly, Q is compact and not convex and Max Q K s
Ž . Ž .41, 0 , 0, 1 is closed, but not arcwise connected.
Let now X be a locally convex space. Then we can use the following
Ž < . w xsufficient conditions for the set Max Q K to be closed given by Fu 4 .
Let A be a subset of X. A point x g A is said to be an F-point if for
Ž .every open set U with x g U l A y K, there exists a neighborhood W of
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x such that
W l A ; U l A y K .Ž .
The set A is said to be an F-set if every point of A is an F-point.
w xTHEOREM 3.2 4 . Let Q be a subset of a locally con¤ex space X and K be
a closed con¤ex cone such that there exists a closed con¤ex cone S with
 4 Ž < .K _ 0 ; int S and 0 f int S. If Q is a compact F-set, then Max Q K is
closed.
3 ŽŽ . 3 < 2 2EXAMPLE 3.2. Let X s R , Q s conv x, y, z g R x q y F 1, z s
4 Ž .4. Ž . 3 < 4 Ž < .0 j 1, 0, 1 , K s x, y, z g R x s y s 0, z G 0 . Clearly, Max Q K
is arcwise connected, but not closed.
Ž < .From Example 3.2, we can see that the assumption that Max Q K is
Ž < .closed is not essential for Max Q K to be arcwise connected. So it is
natural to ask if the conclusion of Theorem 3.1 is true without the
Ž < .assumption that Max Q K is closed.
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